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, <~| In this paper, wc prove that there exist at least n geometrically distinct brake orbits on 

> ' 

every C 2 compact convex symmetric hypersurfacc X in R 2 ™ satisfying the reversible condition 
NT, = X with TV = diag(— /„, I n ). As a consequence, we show that if the Hamiltonian function 
is convex and even, then Seifert conjecture of 1948 on the multiplicity of brake orbits holds for 
' any positive integer n. 
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■ 1 Introduction 

„ I o -i 

For the standard symplectic space (R ,uJq) with coo(x,y) = (Jx,y), where J = is the 

\l 

standard symplectic matrix and I is the n x n identity matrix, an involution matrix defined by 

( V 

N = I is clearly anti-symplectic, i.e., NJ = —JN. The fixed point set of N and — N 

V 1 ) 

are the Lagrangian subspaces Lq = {0} x R" and L\ = R" x {0} of (R 2n ,^o) respectively. 
Suppose H G C 2 (R 2 " \ {0},R) n C 1 (R 2n , R) satisfying the following reversible condition 

H(Nx) = H(x), VxeR 2n . (1.1) 
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We consider the following fixed energy problem of nonlinear Hamiltonian system with Lagrangian 
boundary conditions 

x(i) = JH'(x(t)), (1.2) 
H(x(t)) = h, (1.3) 
x(0) G Lq, x{t/2) G Lq. (1.4) 

It is clear that a solution (t,x) of (|1.2)) - (|1.4|) is a characteristic chord on the contact submanifold 
E := iT _1 (/i) = {y G R 2n | £T(y) = /i} of (R 2n ,w ) and satisfies 

x(-t) = Nx(t), (1.5) 
z(r + t) = x(t). (1.6) 

In this paper this kind of r-periodic characteristic (r, x) is called a 6ra£;e or&i£ on the hypersurface E. 
We denote by j7j(E, ff) the set of all brake orbits on E. Two brake orbits (t^, Xj) G i7&(E, -ff), i = 1, 2 
are equivalent if the two brake orbits are geometrically the same, i.e., xi(R) = X2(R)- We denote 
by [(t, x)] the equivalent class of (t,x) G Jb(Y>,H) in this equivalent relation and by i7&(E) the set 
of [(r, x)] for all (t,x) G i7&(E, iJ)(j7j,(E) is in fact the set of geometrically distinct brake orbits on 
E). From now on, in the notation [(r, x)] we always assume x has minimal period r. We also denote 
by J7(E) the set of all geometrically distinct closed characteristics on E. The number of elements 
in a set S is denoted by *S. It is well known that ^^(E) (and also is only depending on 

S, that is to say, for simplicity we take h = 1, if H and G are two C 2 functions satisfying (jl.ip 
and E# := i/ _1 (l) = E^ := G _1 (l), then *i7b(Ej/) ^(Eg). So we can consider the brake 
orbit problem in a more general setting. Let E be a C 2 compact hypersurface in R 2n bounding 
a compact set C with nonempty interior. Suppose E has non-vanishing Guassian curvature and 
satisfies the reversible condition A^(E — xq) = E — xq := {x — xq\x G E} for some xq G C. Without 
loss of generality, we may assume xo = 0. We denote the set of all such hypersurfaces in R 2n by 
%f>(2n). For x G E, let iVs(x) be the unit outward normal vector at x G E. Note that here by the 
reversible condition there holds Nj±(Nx) = NN^(x). We consider the dynamics problem of finding 
r > and an absolutely continuous curve x : [0, r] -> R 2n such that 

x(t) = JNx(x(t)), x(i)GE, (1.7) 
x(-t) = Nx(t), x(r + t) = x(t), for all t G R. (1.8) 

A solution (r, x) of the problem (|1.7p - (|1.8p determines a brake orbit on E. 
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Definition 1.1. We denote by 



% b (2n) = {£ G Hb(2n)\ S is strictly convex }, 
n s b ' c (2n) = {Se n c b (2n)\ - S = £}. 

The main result of this paper is the following 
Theorem 1.1. For any £ G T{ s b ' c {2n), there holds 

*Jb(Z) > n. 

Remark 1.1. Theorem 1.1 is a kind of multiplicity result related to the Arnold chord conjecture. 
The Arnold chord conjecture is an existence result which was prove by K. Mohnke in [26]. Another 
kind of multiplicity result related to the Arnold chord conjecture was proved in |13| . 

1.1 Seifert conjecture 

Let us recall the famous conjecture proposed by H. Seifert in his pioneer work [28] concerning the 
multiplicity of brake orbits in certain Hamiltonian systems in R 2ra . 

As a special case of (jl.ip . we assume H G C 2 (R 2n ,R) possesses the following form 

H(p,q) = ±A(q)p-p + V(q), (1.9) 

where p,q G R n , A(q) is a positive definite n x n for any q G R n and A is C 2 , V G C 2 (R n ,R) is 
the potential energy. It is clear that a solution of the following Hamiltonian system 

x = JH'(x), x = (p,q), (1.10) 

p(o)=K~) = o. (i.ii) 

is a brake orbit. Moreover, if h is the total energy of a brake orbit (q,p), i.e., H(p(t), q(t)) = h and 
V(g(0)) = V(qr(r)) = h. Then g(t) G = {q G R n |F(g) < h} for all i G R. 

In [28] of 1948, H. Seifert studied the existence of brake orbit for system (I1.10| )-( fl.lip with the 
Hamiltonian function H in the form of (|1.9p and proved that j7fe(S) ^ provided V' ^ on 90, 1/ 
is analytic and O is bounded and homeomorphic to the unit ball -Bf(O) in R n . Then in the same 
paper he proposed the following conjecture which is still open for n > 2 now: 

*^,(E) > n under the same conditions. 
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It is well known that the lower bound n in the Seifert conjecture cannot be improved. A typical 
example is the Hamiltonian function 

1 n 

H(p,q) = -\p\ 2 + Y,a 2 j ql G R n , 

i=i 

where ai/aj ^ Q for all i 7^ j and q = (q±, q%, q n ). There are exactly n geometrically distinct 
brake orbits on the energy hypersurface £ = H~ l (h). 

1.2 Some related results since 1948 

As a special case, letting A(q) = I in (|1 .9[) . the problem corresponds to the following classical fixed 
energy problem of the second order autonomous Hamiltonian system 

q(t) + V'(q(t)) = 0, for q(t) G tl, (1.12) 
l\q(t)\ 2 + V(q(t)) = h, VtGR, (1.13) 

<z(o) = <z(~) = o, (i.i4) 

where V G C 2 (R n ,R) and h is constant such that H = {gG R n |y(q) < h} is nonempty, bounded 
and connected. 

A solution (r, q) of (|1.12|) - (|1.14|) is still called a brake orbit in Cl. Two brake orbits q\ and 
q2 ■ R — > R n are geometrically distinct if </i(R) 7^ 52 (R)- We denote by 0(f2, V) and 0(Q) the sets 
of all brake orbits and geometrically distinct brake orbits in Q respectively. 
Remark 1.2. It is well known that via 

H(p,q) = ^\p\ 2 + V(q), 

x = (PiQ) an d p = q, the elements in 0(£1,V) and the solutions of (|1.2|) - (|1.4|) are one to one 
correspondent. 

Definition 1.2. For £ G H^' c (2n), a brake orbit (t,x) on S is called symmetric if x(R) = — x(R). 
Similarly, for a C 2 convex symmetric bounded domain Q C R n , a brake orbit (r,q) G 0(Q, V) is 
called symmetric if q(R) = —q(R). 

Note that a brake orbit (r, x) G Jb{^,H) with minimal period r is symmetric if x(t + t/2) = 
— x(t) for £ G R, a brake orbit (r, (7) G 0(Q, V) with minimal period r is symmetric if q(t + t/2) = 
-g(t) for t G R. 

After 1948, many studies have been carried out for the brake orbit problem. In 1978, S. Bolotin 
proved in [3] the existence of brake orbits in general setting. In 1983-1984, K. Hayashi in |14j . H. 
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Gluck and W. Ziller in p], and V. Benci in [2] proved #0(SI) > 1 if V is C 1 , Q = {V < h} is 
compact, and V'(q) 7^ for all q G d£l. In 1987, P. Rabinowitz in [27] proved that if H satisfies 
E = # _1 (/i) is star-shaped, and x • H'(x) / for all x G E, then # Jb(S) > 1. In 1987, V. Benci 
and F. Giannoni gave a different proof of the existence of one brake orbit in In 2005, it has been 
pointed out in [8] that the problem of finding brake orbits is equivalent to find orthogonal geodesic 
chords on manifold with concave boundary. In 2010, R. Giambo, F. Giannoni and P. Piccione in 
[9] proved the existence of an orthogonal geodesic chord on a Riemannian manifold homeomorphic 
to a closed disk and with concave boundary. For multiplicity of the brake problems, in 1973, A. 
Weinstein in [3T] proved a localized result: Assume H satisfies For any h sufficiently close to 

H(zq) with zq is a nondegenerate local minimum of H , there are n geometrically distinct brake orbits 
on the energy surface H~ l (h). In [5] of 1978 and in [11] of 1983, under assumptions of Seifert in [28], 
it was proved the existence of at least n brake orbits while a very strong assumption on the energy 
integral was used to ensure that different minimax critical levels correspond to geometrically distinct 
brake orbits. In 1989, A. Szulkin in [29] proved that &j7b(H~ l (h)) > n, if H satisfies conditions in 
|27| of Rabinowitz and the energy hypersurface -ff _1 (/i) is \/2-pmched. In 1985 E. van Groesen in 
[12j and in 1993 A. Ambrosetti, V. Benci, Y. Long in pQ also proved &(D(Q) > n under different 
pinching conditions. In 2006, without pinching condition, in [23j Y. Long, C. Zhu and the second 
author of this paper proved that: For any E G % b c {2n) with n > 2, there holds ^^(E) > 2. In 
2009, the authors of this paper in [H] proved that *J b (T l ) > [f ] + 1 for E G H s b ' c {2n). Moreover it 
was proved that if all brake orbits on E are nondegenerate, then ^^(E) > n + 21(E), where 221(E) 
is the number of geometrically distinct asymmetric brake orbits on E. Recently, in [32] the authors 
of this paper improved the results of pjJ] to that *J b (T,) > [2±1] + 1 for E G H s b ' c (2n), n > 3. In 
[33] the authors of this paper proved that # Jb(E) > [2±1] + 2 for E G n s b ' c (2n), n > 4. 

1.3 Some consequences of Theorem 1.1 and further arguments 

As direct consequences of Theorem 1.1 we have the following two important Corollaries. 
Corollary 1.1. IfH(p,q) defined by ( fi.9j) is even and convex, then Seifert conjecture holds. 
Remark 1.3. If the function H in Remark 1.1 is convex and even, then V is convex and even, and 
O, is convex and central symmetric. Hence f2 is homeomorphic to the unit open ball in R n . 

Recently, R. Giambo, F. Giannoni, and P. Piccione in [10] gave some counterexamples to the 
Seifert conjecture by constructing some analytic functions H with the form (|1.9|) such that the 
domain $7 = F _1 (— 00, h) is homeomorphic to the unit open ball, where h is a regular value of V, 
and there is only one brake orbit on iif -1 (/i). We note that in their examples the functions H are 



5 



neither even nor convex, so we suspect that the convex and symmetric conditions are essential to 
guarantee the Seifert conjecture in some sense. 

Corollary 1.2. Suppose V(0) = 0, V(q) > 0, V(—q) = V(q) and V"(q) is positive definite for all 
q G R™ \ {0}. Then for any given h > and ft = {q G R n |y(g) < h}, there holds 

*0{Q) > n. 

It is interesting to ask the following question: whether all closed characteristics on any hy- 
persurfaces £ G T-L & b ,c {2n) are symmetric brake orbits after suitable time translation provided that 

< +oo? In this direction, we have the following result. 
Theorem 1.2. For any £ G % s b ' c {2n), suppose 

*J{Y>)=n. 

Then all of the n closed characteristics on £ are symmetric brake orbits after suitable time trans- 
lation. 

For n = 2, it was proved in [15] that ^J"(Y1) is either 2 or +oo for any C 2 compact convex 
hypersurface £ in R 4 . So Theorem 1.2 give a positive answer to the above question in the case 
n = 2. We note also that for the hypersurface S = {(xi, X2, yi, 2/2) G R 4 | x\ + y\ + X2+ ^ 2 = 1} 
there hold ^^(S) = +00 and *i7 6 s (S) = 2. Here we denote by J7jf(£) the set of all symmetric 
brake orbits on S. We also note that on the hypersurface S = {x £ R 2n | \x\ = 1} there are some 
non-brake closed characteristics. 

The key ingredients in the proof of Theorem 1.1 are some ideas from our previous paper [19] 
and the following result which generalizes corresponding results of our previous papers [62\ [55] 
completely, where the iteration path 7 2 will be defined in Definition 2.5 below. 
Theorem 1.3. For 7 G V T (2n), let P = 7 (r). If i Lo {l) > °; ^i(t) > °> Kt) ^ n > 7 2 (*) = 
j(t — t)7(t) for all t G [r, 2r\, then 

U 1 (7) + ^ 2 (l)-^ (7) >0. (1.15) 

In this paper, we denote by N, Z, Q, R and C the sets of positive integers, integers, rational 
numbers, real numbers and complex numbers respectively. We denote by both (•, •) and • the 
standard inner product in R n or R 2n , by (•, •) the inner product of corresponding Hilbert space. 
For any a G R, we denote by [a] = sup{/c G Z|/c < a}. 
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2 Index theories for symplectic paths and the homotopic prop- 
erties of symplectic matrices 



In this section we make some preparations for the proof of Theorems 1.1-1.2. We first briefly 
introduce the Maslov-type index theory of {iiji^Lj) for j = 0, 1 and for oj £ U := {z £ 

C| \z\ = 1}. 

Let C(R 2n ) denotes the set of 2nx 2n real matrices and £ s (R 2n ) denotes its subset of symmetric 
ones. For any F £ £ s (R 2n ), we denote by m*(F) the dimension of maximal positive definite 
subspace, negative definite subspace, and kernel of any F for * = +, — ,0 respectively. 

/ o -4 \ / -h \ 

Let Jfc = I I and iV^ = I I with I k being the identity in R . If k = n we 

\ h J \ I k J 

will omit the subscript k for convenience, i.e., J n = J and N n = N. 

The symplectic group Sp(2fc) for any k £ N is defined by 

Sp(2A;) = {M £ C(R 2k )\M T J k M = J k }, 

where M T is the transpose of matrix M. 

For any r > 0, the symplectic path in Sp(2/c) starting from the identity 12k is defined by 

V T (2k) = { 7 £ C([0,r],Sp(2fc))| 7 (0) = / 2fc }. 

In the study of periodic solutions of Hamiltonian systems, the Maslov-type index theory of 
(i(7), ^(7)) of 7 usually plays a important role which was introduced by C. Conley and E. Zehnder 
in [7] for nondegenerate symplectic path 7 £ T , T (2n) with n > 2, by Y. Long and E. Zehnder in [24] 
for nondegenerate symplectic path 7 £ V T (2), by Long in [22] and C. Viterbo in [30] for 7 £ V(2n). 
In [20], Long introduced the w-index which is an index function (^(7), ^(7)) £ Z x {0, 1, ■ ■ ■ , 2n} 
for oj £ U. 

For any a; £ U, the following hypersurface in Sp(2n) is defined by: 

Sp(2n)° = {M £ Sp(2n)|det(M - ul 2n ) = 0}. 

For any two continuous path £ and 77: [0,r] — > Sp(2n) with £(r) = r](0), their joint path is defined 
by 

r £(2i) if0<*<5, 
rj(2t-r) if§<t<r. 
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Given any two (2mfc x 2m k ) matrices of square block form M/% = | for k = 1,2, as 

C k D k 

in [2T], the o-product (or symplectic direct product) of M\ and M2 is denned by the following 
(2(mi + TO2) x 2(mi + 7712)) matrix Mi o M2: 

( A x Si N 

A 2 B 2 

d Di 

C 2 £> 2 / 

We denote by M ofc the fc-times self o-product of M for any k G N. 
It is easy to see that 



Mi oM 2 



V 



iV mi+m2 (Mi o M 2 )" 1 iV mi+m2 (Mi o M 2 ) = (Nm.M^Nm.Mx) o {N m2 M^ l N m2 M 2 ). 



A special path £ n is defined by 



2- % - 







(2-^r 1 

Definition 2.1. For any ui G U and M G Sp(2n), define 



Vt G [0,r]. 



For any 7 G V T (2n), define 
I/7(r) ^ Sp(2n)°, we de/ine 



^(M) = dime ker(M - wJ 2n ). 



^(7) = ^(7(t)). 



^(7) = [Sp(2n)° : 7 *£»], 



(2.2) 



(2.3) 



(2.4) 



where the right-hand side of \3. 59\) is the usual homotopy intersection number and the orientation 
°fl*£n is its positive time direction under homotopy with fixed endpoints. when cj = 1 we will write 
21(7) as 2(7) in convenience. If 7(7") G Sp(2ra)2,, we Zei .F( 7 ) Z>e iae set of all open neighborhoods 
of 7 in V T (2n), and define 



i w ( 7 ) = sup inf{^(/3)| /3(r) G [/and/3(r) £ Sp(2n)°}. 
t/eJ-( 7 ) 



(2.5) 



The index pair (^(7), ^(7)) G Z x {0, 1, 2n}, which is called the index function of 7 at uj, was 
first defined in a different way by Y. Long in [20] (see also [21j and |22|). 
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For any M G Sp(2n) we define 

fi(M) = {P G Sp(2n) 



<r(P) n U = <7(M) n U 

and i/ A (P) = u x (M), VA G <r(M) n U}, 



(2.6) 



where we denote by <j(P) the spectrum of P. 

We denote by Cl°(M) the path connected component of Q(M) containing M, and call it the 
homotopy component of M in Sp(2n). 

Definition 2.2. For any M 1 ,M 2 G Sp(2n), we call M 1 « M 2 i/Mi G 0°(M 2 ). 
Remark 2.1. It is easy to check that ~ is an equivalent relation. If Mi ~ M 2 , we have Mf ~ M2 
for any k G N and Mi o M 3 « M 2 o M 4 for M 3 « M 4 . Also we have Mi o M 2 M 2 o Ml and 
PMP -1 w M for any P, M G Sp(2n). By Theorem 7.8 of [20] , Mi o M 2 ss M x o M 3 if and only if 
M 2 w M 3 . 

Lemma 2.1. Assume Ml G Sp(2(/ci + fc 2 )) and M 2 G Sp(2/c 3 ) /tawe i/ie following block form M\ = 
/ ^1 A 2 Pi P 2 ^ 

A 3 A 4 P 3 P 4 / A 5 P 5 \ 

and M 2 = u»tfc Ai,Pi,Ci,Pi G £(R fcl ), ,4 4 ,P 4 ,C 4 ,P 4 G 

Ci C 2 Pi P 2 \C 5 D 5 J 

\ C 3 C 4 P 3 P 4 y 

\ 

. Then 



£{R kl ), A b ,D 5 G £(R fc3 ). Zei M 3 








A 2 


Pi 





p 2 





^5 








P.5 





^43 







p 3 





Pi 


Ci 





c 2 


Pi 





p 2 





c 5 








p 5 





v c 3 





c 4 


p 3 





p 4 


M 3 p 


i Mi M 2 









Proof. Let P = diae 




I k2 

V iks y 



W 4l 0^ 



i k2 

V J fc3 J 



(2.7) 



. It is east to verify that 



P G Sp(2(fei + k 2 + fe 3 )) and M 3 = P(Mi o M 2 )P~ 1 . Then (JXTJ) holds from Remark 2.1 and the 
proof of Lemma 2.1 is complete. I 
The following symplectic matrices were introduced as basic normal forms in |21j : 



P(A) 



A 

A- 1 



A = ±2, 



N\(X, b) = | A 6 | , A = ±l, b = ±l, 0, 
A 

cos(#) - sin(0) 

R(0)= , (0,vr)U(7r,2vr), 



sin(0) cos(#) 

2(0) 6 
R{9) 



R(9) b 

N 2 (uj,b) = , AG (0,vr)U(7r,2vr), 



b\ 62 

where b = | | with 6, G R and 62 7^ ^3- 

63 64 

For any M E Sp(2n) and a; G U, splitting number of M at w is defined by 

= jHB ^ eX p(±V=Te)(7) ~ ^(7) 

for any path 7 G V T {2n) satisfying j(t) = M. 

Splitting numbers possesses the following properties. 
Lemma 2.2. ( |20j . Lemma 9.1.5 and List 9.1.12 of |21j ) Splitting number S m (uj) are well defined, 
i.e., they are independent of the choice of the path 7 G T , T (2n) satisfying 7(7-) = M. For uj G U 
and M G Sp(2ra), Sq(uj) = S m {uj) if Q « M. Moreover we have 

(1) (Sl I (±l),S M (±l)) = (1, 1) /or M = ±JVi(l,&) mtt 6 = 1 or 0; 
(5+ (±1), S-(±l)) = (0, 0) for M = ±iVi(l, 6) wift 6 = -1; 

(3j {Sjjie^ 16 ), S M {e^ 6 )) = (0, 1) for M = R{9) with 6 G (0, vr) U (tt, 2tt); 

(4) (S^(u),Sm(cj)) = (0,0) for uj G U\R and M = N 2 {uJ,b) is trivial i.e., for 
sufficiently small a > 0, MR((t — l)a) on possesses no eigenvalues on U /or f G [0, 1). 

(5) (S m (uj), S^(uj) = (1, 1) for uj G U \ R and M = iV 2 (u>, 6) is non-trivial. 

(6) (S m {uj), S^(uj) = (0, 0) for any uj G U and M G Sp(2n) with a(M) n U = 0. 

^ ^MioMa^) = ^MiM + S M 2 ^> f 0r an ^ M J G S P( 2n j) J = 1> 2 and ^ G U. 

Let 

F = R 2n © R 2n (2.8) 
possess the standard inner product. We define the symplectic structure of F by 

I -J o\ 

= (Jv,w), \/v,w G F, where J = (-J) © J = . (2.9) 

V J ) 

We denote by Lag(F) the set of Lagrangian subspaces of F, and equip it with the topology as a 
subspace of the Grassmannian of all 2n-dimensional subspaces of F. 
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It is easy to check that, for any M G Sp(2n) its graph 



Gr(M) = | 


\( * > 


| \x G R 2n J 




1 I Mx j 





is a Lagrangian sub-space of F. 
Let 

Vi = L x L = {0} x R" x {0} x R™ c R 4n , (2.10) 
V 2 = L x x L x = R" x {0} x R n x {0} C R 4n . (2.11) 

By Proposition 6.1 of |25] and Lemma 2.8 and Definition 2.5 of [23], we give the following 
Definition 2.3. For any continuous path 7 G T > T (2n), we define the following Maslov-type indices: 



i£o(7) = Mf (ti,Gr(7),[0,T]) -n, (2.12) 
^(7) = ^ LM (F 2 ,Gr( 7 ),[0,r]) -n, (2.13) 
i/ Lj (7) = dim( 7 (r)L j n J = 0, 1, (2.14) 

where we denote by i^ LM (V, W, [a,b]) the Maslov index for Lagrangian subspace path pair (V,W) 
in F on [a, b] defined by Cappell, Lee, and Miller in |6}/. For any M G Sp(2n) and j = 0, 1, we also 
denote by v Lj (M) = dim(MLj n Lj). 

The index ^(7) for any Lagrangian subspace L C R 2n and symplectic path 7 G V T (2n) was 
defined by the first author of this paper in [TB] in a different way (see also [T7] and [23] ). 
Definition 2.4. For too paths 70, 71 G V T (2n) and j = 0, 1, we say that they are Lj-homotopic 
and denoted by 70 71, i/ i/tere is a map 5 : [0, 1] — > V(2n) such that 5(0) = 70 and 5(1) = 71, 
and UL j (6(s)) is constant for s G [0, 1]. 
Lemma 2. 3. ([16]) (1) 7/ 70 71, there hold 

ihjdo) = %(7i) ; ^(7o) = ^(7i)- 
(2) If 7 = 71 o 72 G V(2n), and correspondingly Lj = L'- © L" ; i/ien 

%(7) = ^.(7i) + ^'(72), %(7) = ^(Tl) + ^'(72)- 
f5) 1/7 G V(2n) is the fundamental solution of 

±(t) = JB(t)x(t) 
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hi(t) 612(0 

with symmetric matrix function B(t) = | | satisfying 622 (t) > for any t G R, 

s 62l(0 MO 

i/ien i/iere holds 



*£o(7)= X] ^o(Ts), 7s(0 = 7(«0- 

0<s<1 

(^j 1/ 6n (t) > /or any i G R ; i/iere ZioWs 

0<s<l 



Definition 2.5. For any 7 6 P T and G N = {1,2, ...}, in i/iis paper the k-time iteration -y k of 
7 € V T (2n) in brake orbit boundary sense is defined by 7|[o ; fe T ] with 

7(t-2jr)(^ 7 (r)- 1 Af 7 (r)p, t G [2jV, (2j + l)r], j = 0, 1, 2, ... 
iV 7 (2jr + 2r - f)tf (^(t)- 1 ^,-)}^ 1 i G [(2j + l)r, (2j + 2)r], j = 0, 1, 2, ... 



7(0 



3 (Lq, Li)-concavity and (e, Lq, Li)-signature of symplectic matrix 

Definition 3.1. For any P G Sp(2n) and e G R, we define the (e, Lq, Li)-symmetrization of P by 

rr / sin 2e/ n — cos 2el n \ / sin 2el n cos 2e/ n 
M E (P)=P T P + 

y — cos 2el n — sin 2el n J y cos 2e J n — sin 2e/ ri 

The (e, Lq, Li)- signature of P is defined by the signature of M e (P). The (Lq, L\) -concavity and 
(Lq, L\)* -concavity of a symplectic path 7 is defined by 

concav {LoM) {~i) = i io ( 7 ) - ^(7), concav* LoM) (~/) = (iL (l) + ^(7)) - foi(7) + ^1(7)) 
respective/?/. 

In |16j it was proved that (Lq, Li)-concavity is only depending on the end matrix 7(7") of 7, and 
in it was proved that the (Lq, Li)-concavity of a symplectic path 7 is a half of the (e, Lq, L\)- 
signature of 7 (t). i.e., we have the following result. 
Theorem 3.1. ([35]) For 7 G V T (2k) with r > 0, we have 

concav {L0)Ll) (j) = -sgnM e (7(r)), 

where sgnM £ (7(r)) is £/ie signature of the symmetric matrix M £ (^(t)) and < e <C 1. we afeo 
/lave, 

concan* Lo Li) (7) = isgnM e ( 7 (r)), < -e < 1. 
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Remark 3.1. (Remark 2.1 of [35]) For any rij x rij symplectic matrix Pj with j = 1,2 and rij G N, 

we have 

M £ (Pt oP 2 ) = M e {P x ) o M £ (P 2 ), 
sgnM £ (P! o P 2 ) = sgnM £ (Pi) + sgnM £ (P 2 ), 

where e G R. 

In the rest of this section, we further develope some basic properties of the (e, Lo, Li)-signature 

and study the normal form of Lo-degenerate symplectic matrices. 

.— . I Ik 

Lemma 3.1. (Lemma 2.3 of [32]) Let fceN and any symplectic matrix P = | . Then 

\ C I k 

P sa r 2 v o jVi(l,l)°9 o JV 1 (l,-l) or withp = m°(C), q = rrT(C), r = m+(C). 
Definition 3.2. W^e ca// two symplectic matrices M\ and M 2 are (Lq, L\)-homotopic equivalent in 
Sp(2/c), and denote it by M\ ~ M 2 , if there are Pj G Sp(2/c) u>ii/i Pj = diag(<3j, (Qj)~ l ), where Qj 
is a k x k invertible real matrix, and det(Qj) > for j = 1,2, such that 

Mi = P X M 2 P 2 . 

I At Bi\ 

Remark 3.1. Let Mj = G Sp(2^), i = 0,1,2 and M x ~ M 2 (fci = fc 2 hi this 

\Ci Di J 

time), then AjCi, B\B X are congruent to A 2 C 2 , B 2 D 2 respectively. So m* {A\C\) = m*(A 2 C 2 ) 
and m*(BfDi) = m*(B 2 B 2 ) for * = ±, 0. Furthermore, if M = M\ o M 2 (here h\ = h 2 is not 
necessary), then 

m*{AlC Q ) = m*(Ajd) + m*(A^C 2 ), m*(B^B ) = m*(Bf D x ) + m*{B^D 2 ). (3.1) 

So m*(A r C) and m*(B T D) are (Lo, Li)-homotopic invariant. The following formula will be used 
frequently 

/ Bfd B\D\ \ 
NkM± NkMi = I 2k + 2 1 1 . (3.2) 

\ A\C X C?B l j 

It is clear that ~ is an equivalent relation and we have the following 
Lemma 3.2. (Lemma 2.4 of [32]) For Mi, M 2 G Sp(2/c), if M x ~ M 2 , then 



sgnM e (Mi) = sgnM e (M 2 ), < |e| < 1, 
N k M^ l N k M\ m N k M 2 ~ 1 N k M 2 . 
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By results in [32} [33l I35j . we have the following lemmas 3.3-3.5 which will be used frequently in 
Section 4. 

' A B 

Lemma 3.3. ( Lemma 2.5 of [32]) Assume P = I G Sp(2/c), where A,B,C,D are all 



C D 



k x k matrices. 

(i) Let q = max{m + (A T C) , m + (B T D)} , we have 

1 



2 sgnM £ (P) <k-q-u Ll (P), <-£<!, 



-sgnM £ (P) <fc-g-i/i (P), 0<e«l. 



(ii) If both B and C are invertible, we have 

sgnM e (P) = sgnMo(P), < |e| < 1. 

Lemma 3.4. ([35]) For 7 G V T {2), b > 0, and e > smaZZ enough we have 



sgnM ±e (P(0)) = 0, for 6 G R, 

a 

1/a 



a 

sgnM ±e (P) = 0, if P = with a G R \ {0}, 



sgnM £ (P) =0, if P = ± 
sgnM £ (P) = 2, ifP = ± 
sgnM e (P) = -2, if P = ± 



1 


b\ 




r 1 o\ 

















I -6 1 J 



1 -b 
1 

1 
b 1 



Lemma 3.5. (Lemma 2.9 of [33]) Lei 2A; x 2k symmetric real matrix E have the following block 

E 1 \ 

form E = . Then 

Ef E 2 ) 

m ± {E) > rankPi. (3.3) 



In the following we prove Lemma 3.6, which will be used to prove Lemma 3.7 while Lemma 3.7 
and Lemma 3.8 are two key lemmas in this paper. 
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Lemma 3.6. Let A\ and A3 be k x k real matrices. Assume both A± and A1A3 are symmetric and 
c(As) C (—oo,0). Then we have 



sgnA 1 + sgn(AiA 3 ) = 0. 



(3.4) 



Proof. It is clear that A3 is invertible. We prove Lemma 3.6 by the following two steps. 
Step 1. We prove this lemma in the case A± is invertible by mathematical induction for k G N. 

If k = 1, then ^1,^3 G R and (|3T1|) holds obviously. Now assume (|3T4"j) holds for 1 < k < I. If 
we can prove (|3.4p for k = I + 1, then by the mathematical induction (|3.4p holds for any k G N and 
Lemma 3.6 is proved in the case A\ is invertible. 

By the real Jordan canonical form decomposition of A3, in Step 1 we only need to prove fj3.4|) 
for k = I + 1 in the following Case 1 and Case 2. 

Case 1. There is an invertible (I + 1) x (/ + 1) real matrix such that Q _1 A^Q is the (7 + l)-order 

0^ 



/ A 1 
A 1 



• 

Jordan form '■ '■ ■ ... \ Q 
••• A 1 

\ ••• A 
Denote by Jii = Q T A 1 Q. We have 



A3 with A < 0. 



MA3 = Q T A 1 QQ~ 1 A 3 Q = Q T A 1 A 3 Q. 



So both A\ and A1A3 are symmetric and we have 



sgm4i + sgn(Ai^ 3 ) = sgnii + sgn(iii 3 



(3.5) 



Denote by A± = (a^j), where etjj is the element on the i-th row and j-th column of Ai for 
1 < i,j < I + 1. We denote by .A1.A3 = (qj) in the same sense. Then we have aij = dj.i and 



h3 ~ '-J 



Cj i for 1 < i, j < I + 1. 



Claim 3.1. In Case 1 o^j = for i + j < l + l and djj = for i + j = 1 + 2 with 1 < i,j < l + l. 

For 2 < j < Z + 1, since cij = Cj 5 i we have 



A01 j + a± j_i — Acij 1 — A01 



So we have 



aij_i = 0, 2 < j < Z + 1 . 



(3.6) 
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For 2 < i,j < I + 1, since Cj,- = Cj i we have 

Aaij + Cbi,j-1 = ^ a j,i + a j,i-l = ^ a i,j + a i-l,j- 

So we have 



ajj_i = aj_ij, 2 < i,j < Z + 1. 



By and ([321) we have 



— a i— — ' ' ' " 

az+i,i = az,2 = <^-i,3 



a 2i i+j_2 = = 0, l<i,j and i + j < I + 1, 

= • • • = «2J = «1J+1- 



Then Claim 3.1 holds from $TEf) and (1331) . 
By Claim 3.1, let a = ai z+i we have 

/oOOOOOa^^ 
a * 
0-** 

• 



An 



* * * 
* * * * 



a * * * * * 
a ***** * 



^,4 



1^3 











Aa 



Aa 

• * 



• 



* * 
* * * 



Aa * * * * 
\a ***** 



Then it is easy to see that A1A3 is congruent to XA±. So since A < we have 

sgn(Aii 3 ) = sgn(Aii) = -sgn(Ai). 

Hence we have 

sgn(iii 3 ) + sgnii = 0. 



(3.7) 

(3.8) 
(3.9) 



(3.10) 



(3.11) 



Then flU]) holds from and (pTTTj) . So in Case 1 |S]) holds for k = I + 1. 

Case 2. There exists a invertible (/ + 1) x (/ + 1) real matrix Q such that Q~ 1 A$Q = diag(^4, A$) 

where A^ is a k\ x k\ real matrix with a(A^) C (— 00, 0) and A§ is a A^-order Jordan form 



A* 



( A 1 

A 1 



\0 



o\ 



: 

A 1 

A J 
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with A < 0, 1 < ki, k 2 < I and k\ + k 2 = I + 1. 
We still denote by Ai = Q T AiQ, then 



A t A 3 = Q T AiQQ _1 A 3 Q = Q T A 1 A 3 Q. 



So both and ^1^3 are symmetric and we have 



sgm4i + sgn(^i^ 3 ) = sgnii + sgn(iii 3 



Correspondingly we can write A\ in the block form decomposition A\ 



E\ E 2 
E^2 E4 

is a k\ x k\ real symmetric matric and E4 is a k 2 x &2 real symmetric matrix. Then 



A1I3 = 



£^4 #2^ 

E^ A^ E^Az 



is symmetric. 

Subcase 1. £4 is invertible. 
In this case we have 




Ik! 

-E^ l E^ Ik 2 



and 



E^ A £2^5 
E2 A^ E4.A5 





(3.12) 



where £1 



(3.13) 



(3.14) 



Since A\ is symmetric and invertible, by f|3. 13j) we have E\ — E 2 E 4 1 E 2 r is symmetric and invertible. 
Since is symmetric and invertible, by 13. 14j) we have {E\ — E^E^ET^^A^ is symmetric and 



sgn((£d - E 2 E^Ej)A 4 ) + sgn(£; 1 - E 2 E^ l E 2 ) = 0. 



(3.15) 
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By (|3.14p we also have E4A5 is symmetric. Since is symmetric and invertible, cr(A^) = {A} C 
(—oo,0) and 1 < < /, by our induction hypothesis we have 



sgn(E A A 5 ) + sgn£ 4 = 0. 



By (|3.13p we have 



By (pTEI)) we have 



sgnAt = sgn(£i - E 2 E A l E 2 T ) + sgn£ 4 . 



sgn(AiA3) = sgn((^i - E 2 E^ 1 E^)A i ) + sgn(£ 4 A 5 



Then by (l3~T5]) - (l3~T8l) we have 



sgn(Iii 3 ) + sgnii = 0. 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



Then (|33D holds from and (^T9|) . 

Subcase 2. £4 is not invertible. 

In this case we define A^-order real invertible matrix 

/ooooooi\ 

1 
0-0 
<n = 000-000 
0-0 

1 

1 



Then it is easy to verify that EqA§ is symmetric and £4 + eE$ is invertible for < e < 1. Define 
E± E 2 



A 



E^ -E4 + eEq 



. Since A\ and ^1^3 are invertible, we have both A £ and A e A 3 are 



symmetric and invertible. So we have 



sgnii = sgm4 e , sgii^ A 3 ) = sgn( A e A 3 ), for < e < 1. 



(3.20) 



By the proof of Subcase 1, we have 



sgn{A £ A 3 ) + sgm4 e = 0. 



(3.21) 
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So by (|3.20p we have 



sgn(Ai^ 3 ) + sgnAi = 0. 



(3.22) 



Then (|33| holds from (|3~22"|) . 

So in Case 2 (|3.4|) holds for fc = / + 1. Hence in the case A± is invertible Lemma 3. 6. holds and 
Step 1 is finished. 

Step 2. We prove f|3.4[) in the case j4i is not invertible. 
If A x = 0, (HE!) holds obviously. 

If 1 < rankAi = ?n < — 1, there is a real orthogonal matrix G such that 




(3.23) 



where A\ is a m-order invertible real symmetric matrix. Correspondingly we write 




where F\ is a {k — m) x (k — m) real matrix and F4 is a m x m real matrix. 
Since ^1^3 is symmetric, we have 



G 




is still symmetric. So we have iiF 2 T = 0, since A\ is invertible we have F% = 0. Then 




(3.24) 



So we have 




(3.25) 



and A1F4 is symmetric. Also by (13. 24ft we have F4 is invertible and (^(F^) C (— 00, 0). So by the 
proof of the case A± is invertible we have 



sgn(AiF 4 ) + sgm4i = 0. 



(3.26) 



By (^231) and (13351 we have 



sgn(AiA 3 ) + sgm4i = sgn(^iF 4 ) + sgm4i. 



(3.27) 
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Then (|3.4p holds from (|3.26[) and (|3.27p . Hence (|3.4p holds in the case A± is not invertible. Step 2 
is finished. 

By Step 1 and Step 2 Lemma 3.6 holds. I 

Lemma 3.7. Let R = £ Sp(2k) with A 3 being invertible. If e(N k R~ L N k R) = 2m, 

\A 3 A 2 ) 

where < m < k and the elliptic hight e(P) of P is the total algebraic multiplicity of all eigenvalues 
of P on U for any P £ Sp(2n). Then we have 

m-k < -sgnM E (R) < k - m, < |e| < 1. (3.28) 



Proof. Since e(N k R 1 N k R) = 2m, there exists a symplectic matrix P £ Sp(2/c) such that 

P~ 1 (N k R~ 1 N k R)P = Q 1 oQ 2 (3.29) 

with a(Qi) £ U, a(Q 2 ) n U = 0, Qi £ Sp(2m), and Q 2 £ Sp(2/c - 2m). By (ii) of Lemma 3.3, since 
A3 is invertible we only need to prove (|3.28p for e = 0. 
Step 1. We first prove ()3.28|) in the case A\ is invertible. 

Since R is a symplectic matrix we have R T J k R = J k . Then ^4/f^43 and A 2 are all symmetric 
matrices and 

A\A 2 -A% = I k . 

Since R T is also a symplectic matrix we have RJ k R T = J k . Then A\ is symmetric. Hence ^4i^3 is 
symmetric and 

A l A 2 -Al = I k . (3.30) 

By definition we have 

M (R) = R T [ \R+\ 

-h \ I k 



A1A3 



.4 



(3.31) 



2 



Since A\ is invertible, we have 



h W AxA 3 Af W 4 -^r 1 

-A^ 1 4 j \ A 3 A 2 j \ 4 
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AxAz 
-A X 7 1 A T + A 2 

AiA 3 
A[ l 

where in the last equality we have used the equality (|3.30p . So by (|3.32[) we have 

1 l / A X A 3 
-sgaMo(R) = --sgn 

2 2 \ A± 



(3.32) 



(3.33) 



By the Jordan canonical form decomposition of complex matrix, there exists a complex invertible 
/c-order matrix G\ such that 



U\ * * * * 

U 2 * * * 

oo'-.* * 

u fc _! * 

y u k J 



with m, u 2 , Uk £ C. 
By (|3.2p we have 



Since 



by (|3.34p we have 



A 3 A 2 
AiA 3 A? 



4 W A 3 A 2 \ I 4 
-Ax 4/1 A,A 3 A? ) [ A x I k 



4 \ . I k 

(NkR-'NkR) 
Ax h / Ui 4 



4 + 2^3 ^2 



34 + 4^3 2A 2 
-2Ai -4 



By (|3.35p . for any A £ C we have 



(3.34) 



(3.35) 



A4fe — -Ri 



(A - 3)4 - 4^3 ~2A 2 
2A X (A + 1)4 



(3.36) 
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(3.37) 



Since A\ is invertible, by (|3.30p we have 

4 -^((X-3)I k -4A 3 )A^ \ I (A-3)4-4A 3 -2A 2 
I k j\ 2At (A + 1)4 

-i((A 2 -2A + l)7 fc -4AA 3 Mr 1 
2A t (A + l)/ fc 

Then by (^36]) - (^37jl we have 

det(A/ 2 fc - Ri) = det((A 2 - 2A + 1)4 - 4AA 3 ). (3.38) 

Denote by u%, U2, u k the k complex eigenvalues of A3, by (|3.38p we have 

det(A/ 2fc - Ri) = n^ =1 (A 2 - 2A + 1 - 4A«i) = n 4 fc =1 (A 2 - (2 + 4^)A + 1). (3.39) 

So by (|3.35p and (|3.39[) we have 

det(A/ 2fc - NkR" 1 N k R) = nf =1 (A 2 - 2A + 1 - 4\ Ui ) = nf =1 (A 2 - (2 + 4^)A + 1). (3.40) 

It is easy to check that the equation A 2 — (2 + u,,)A + 1 = has two solutions on U if and only if 
—4 < m < for i = 1,2,3..., k. So by (I3.29P without loss of generality we assume Uj E [—4,0) for 
1 < j < m and Uj ^ [—4,0) for m + 1 < j < k. Then there exists a real invertible matrix /c-order 
Q such that 



Q^AsQ 



A 4 
A 5 

and (7(^4) C [—4,0), a{A^) n [—4,0) = 0, where A^ is an m-order real invertible matrix and is 
a (k — m)-order real matrix. 

Denote by A 1 = Q T A 1 Q. We have 

iii 3 = Q T A 1 QQ- 1 A 3 Q = Q T A 1 A 3 Q. 

So both A± and Ai^4 3 are symmetric and we have 

sgnAi + sgn(AiA 3 ) = sgnii + sgn(iii 3 ). (3.41) 

/ Ei E 2 \ 

Correspondingly we can write A± in the block form decomposition A\ = I I , where E\ 

\ E 2 E * J 

is an m-order real symmetric matric and E± is a (k — m)-order real symmetric matrix. Then 



At A 



1^3 



E X A 4 E 2 A 5 
E2 ' A4 E^A<3 
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is symmetric. 

By the same argument of the proof of Subcase 2 of Lemma 3.6 without loss of generality we 
can assume E\ is invertible(Otherwise we can perturb it slightly such that it is invertible). So as 
in Subcase 1 of the proof of Lemma 3.6 we have 

Im \ I E 1 E 2 \ ( I m —E 1 1 E 2 

~E 2 E l 1 Ik-m. ) \ E 2 E± I \ h-m 



E 1 
E\ — eJ, E^ ^ E 2 



(3.42) 



and 



- in 



(3.43) 



I m \ / E X A A E 2 A 5 \ ( I m -E^E 2 

~E 2 E^ 1 / fe _ m j \ EjA 4 E A A 5 ) \ I k _ 

E X A A 
{E 4 - EjE^E 2 )A 5 

By ()3.43p we also have E\A A is symmetric. Since E\ is symmetric and invertible, u{A A ) C [—4,0), 
by Lemma 3.6 we have 

sgn^Ai) + sgn^i = 0. (3.44) 

By (f3^2j) we have 

sgnii = sgn(£ 4 - E^E^E 2 ) + sgmEi. (3.45) 

By ([3^31) we have 

sgn(iil 3 ) = sgn((£ 4 - EjE^E 2 )A 5 ) + sgn^i^). (3.46) 
Then by (l3Tii]l - (l3^6]l we have 
sgn(Aii 3 ) + sgnii 

= sgn((£ 4 - E 2 r E- 1 E 2 )A 5 ) + sgn(E 4 - EjE^E 2 ) G [-2{k - m),2(k - m)]. 

Then (^281) holds from (^331) . $3JT\i and flMED - 
Step 2. We prove (|3.28j) in the case >li is not invertible. 

4 

If A\ = 0, then A3 = — 1% and m = k. It is easy to check that Mq(-R) = 2 I is 



(3.47) 



4 -A 2 



4 

congruent to 2 , so sgnM (R) = 0, (pT28l) holds. 



4 
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If 1 < rankj4i = r < k — 1, there is a k x k invertible matrix G with detG > such that 



{G-^fAxG- 1 = diag(0,A), 
where A is a r x r real invertible matrix. Then we have 

(G T )~ l AiG^ 1 



(3.48) 



diag((G T )~ 1 ,G) • J R-diag(G- i ,G 



1 nT\ 



GAsG- 1 
( 



h 
GA 2 G T 

4_ r ^ 

A I r 

B x B 2 Di D 2 

\ B 3 B 4 D 3 D 4 J 

where B 4 and D 4 are (k — r) x (k — r) matrices and B 4 and D 4 are r x r matrices. 

Then since R 2 is symplectic and A is invertible, we have R 2 JkR 2 = Jk which implies that 



Ri 



(3.49) 



B. 



0, D 3 = DT, B 1 



Ik-n an d D\, D 4 are symmetric. So we have 



Ri 



For t G [0, 1], we define 



V 









h-r 


\ 





A 





/ r 


s x 


B 2 


£>l 







B 4 


Dl 


#4 J 








h-r 








A 







Bi 


tB 2 









B 4 




D 4 



Then it is easy to check that /3 is a symplectic path and i/r. (/3(t) = for all i € [0, 1] and jf = 0, 1. 
Also we have (3(1) = R 2 and 

/ h n \ 



0(0) 



-Jk-rO 




lk-r 

A 7 r 
Si 
\ B 4 £> 4 / 
Then by Lemma 2.2 of |35j . Lemma 3.4, and Remark 3.1 we have 



^sgnM (i? 2 ) = 2 SgnM °( -Jfe -r) + ^ s § nM o 
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1 



-sgnM 



A I r 
B A D A 



Since i? 2 ~ R, by (I3.50P we have 



1 , s 1 

-sgnMo(R) = -sgnMo 



A I r 
B A L> 4 



By (|3.2p we have 



N k R- x N k R 2 = I 2k + 2 



By (|3.52p for any A G C, we have 



Bi £ 2 £>! D 2 

£>4 



Ai? 4 Bj J 



det(A/ 2fc - N k R^N k R 2 ) 

det((A - l)4_ r - 25i)det((A - l)I k - r - 2B^) 
(A - l)I r - 2B 4 -2D A 

-2AB 4 (A - l)I r - 2B\ 

det(A/ 2fc - N k R^N k R 3 ), 



•det 



where 



N k R^N k R 3 = I 2k + 2 



I Bt 

B 4 D 4 

5f 

A£ 4 Bj j 



So by (|3.53p we have 



Since i?i 



&{N k R~ 1 N k R) = a(N k R^N k R 2 ) = a(N k R~ 1 N k R 3 ). 
A J r 

-/jfc- r and R3 = (— Jfc_ r ) o I I , by (|3.54p we have 

B A £> 4 



e 2V r 



A I r 
£4 D 4 



A I r 
£4 D 4 



2(m — (k — r 
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So by step 1 we have 



sgnM 



A I r 
B 4 D A 



< r — (m — (k — r)) = k — m. 



(3.56) 



Then (pOHl) holds form (f33TT) and (j336|) . Thus Step 2 is finished. 

By Step 1 and Step 2, Lemma 3.7 holds. | 
The following result is about the (Lq, Li)-normal form of Lo-degenerate symplectic matrices 

which generalizes Lemma 2.10 of |33j . 

/ A B 



Lemma 3.8. Let R £ Sp(2/c) has the block form R 
have 



with 1 < rankS = r < k. We 



C D 



(i)R 



( A x B 1 I r 
Di 
^3 #3 A 2 



\ 



, where A\, A2, As are r x r matrices, Di, D2, D3 are (k — r) x 



y C 3 D 3 C 2 D 2 J 

{k — r) matrices, B\, B3 are r x (k — r) matrices, and C 2 , C3 are (k — r) x r matrices. 

(ii) If A3 is invertible, we have 



R 











° 


r 




M 








A 2 J 






D 2 / 



(3.57) 



R 



(3.58) 



where D3 is a (k — r) x (k — r) matrix. 
(Hi) If 1 < rank^3 = A < r — 1, then 

( A x B x I r _ x N 
U I x \ Di 

A V ) B 3 A 2 

where A\,A 2 are (r — A) x (r — A) matrices, Bi,B% are (r — A) x (k — r) matrices, C 2 ,C% are 
{k — r) x (r — A) matrices, D\, D 2 , D3 are {k — r) x {k — r) matrices, U,V,A are A x A matrices, 
and A is invertible. 

(iv) If A3 = 0, then A\, A 2 are symmetric and A\A 2 = I r . Suppose m + {Ai) = p, m~{A\) = 
r — p and < ranki^ = A < min{r, k — r}, then 

o(r-p+q + ) 



N k R~ l N k R 







op+q 












(; 




1 H 


1 1 J 











o LY o D{2f x , (3.59) 
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m+(A T C) = \ + q + , 
m°(A T C) = r-\ + q°, 
m-{A T C) = X + q~, 



(3.60) 
(3.61) 
(3.62) 



where q* > for * = =t, 0, q + + q° + q~ = k — r — X, for any symplectic matrix the term M°° means 
it does not appear. 

Proof. By Lemma 2.10 of [33] or the same argument of the proof of Theorem 3.1 of [32], (i)-(iii) 
hold. So we only need to prove ()3.59j) - (|3.62p . 

By (i) and A3 = we have 



R 



Ri. 



(3.63) 



I A x B x I r \ 
£>i 
B 3 A 2 
\ C 3 D 3 C 2 D 2 J 

Since R± is symplectic we have Rfj^Ri = Jk- Then we have A%, A 2 are symmetric and A\A 2 = 
DxD 2 = h-r and AjB 3 = C^D V By ([3J2]) we have 

/ t or. oi. n \ 



N k R^N k Rt 

By Remark 3.1 we have 

m*(A T C) = m* 



Ir 





2B 3 

Ik—T 

2A\B 3 



2A 2 


I r 



^ 2BjA 1 2BfB 3 + 2DjD 3 2Bl I k _ r ) 



(3.64) 



AjB 3 
BjAi B{B 3 + DfD 3 



* = +,-, 0. 



(3.65) 



Since < rankl?3 = A < min{r, k — r}, there exist r x r and (k — r) x (k — r) real invertible 
matrices G\ and G 2 such that 



GiB 3 G 2 



h 




F. 



(3.66) 



Note that if A = then B 3 = 0, if A = min{r, k - r} then GiB 3 G 2 = ( I x ) or 



h 


ifA = r = /c — r then G\B 3 G 2 = I\. The proof below can still go through by corresponding 
adjustment. 
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By (|3.66p we have 



GiA^ 1 
G\ 



b 2 a, A 




Then 



h 













Ir- 


A 












h 


-ul 













h 





\ 













h o 
















lh 


/ 



AJB 3 
BjA 1 BfB 3 + DfD 3 

I o o i x o * 



h Z7i f/ 2 

y o o u£ u 4 j 




/ 7 A 



/a t/i 17 2 

^ Ui J 



( 



h 










"5^1 


-u 2 


r-A 











/a 











h-r-X 



Set 

g * = m*([/ 4 ) ) * = ±, 

Then <?+ + q° + q~ = k - r - A and p^0]) - (^62|) hold from (|3]B5j) , (l3~67jl and (1^681) 
Also by (|3.68p and Lemma 3.1 we have 




1 1 

1 



oi^o 



1 -1 
1 



By (|3.67p we have 
di 



^g{{Gl)- 1 A l ,G^\G 1 A^\Gl){N k R^ 1 N k R 1 )d^g{Al 1 Gl, G 2 , A 1 G^ 1 , (Gf )~ 



V 



I r 2E 2A 1 

4_ r 

2F I r 

2F T 2U 2E T 4_ r 



:=M, 



where A x = (G( ^M^ 1 , E = (G( )- 1 A 1 B 3 G 2 = A\F. 
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Since M is symplectic, we have M T J k M = J k . Then we have E = A\F. Since A\ = 
(Gj)^ 1 AiG^ 1 , it is congruent to diag(ai, a 2 , • • • , a r ) with 

a« = 1, 1 < i < P and aj = — 1, p + 1 < j < r for some < p < r. (3.72) 

Then there is an invertible r x r real matrix Q such that detQ > and 

QA X Q T = diag(ai,a 2 , . . . ,a r ) = diag(diag(ai,a 2 , a\), diag(a A +i, a r )) := diag(Ai, A 2 ).(3.73) 

Since detQ > we can joint it to I r by invertible continuous matrix path. So there is a continuous 
invertible symmetric matrix path /3 such that ai(l) = A\ and ai(0) = diag(ai, a 2 , . . . , a r ) with 

m*(ai(t)) = m*(Ii) = m*(^i), t e [0, 1], * = +,-. 

Define symmetric matrix path 



a 2 (i) 



2tUi 2tU 2 
2tUl 2U 4 



t€ [0,1]. 



For t e [0,1], define 



It 


2ai(t)F 


2ai(t) 



















2F 


ir 





2F T 


a 2 (t) 


2F T ai(t) T 


Ik—r 



P(t) 



Then since M is symplectic, it is easy to check that /3 is a continuous symplectic matrix path. Since 
h 



F 







, and ai(t) is invertible, by direct computation, we have 



rank(/3(t) - I 2fc ) = 2A + rank(«i(t)) + rank([/ 4 ) = 2A + r + m + (C/ 4 ) + m~{U±). 

Hence 

i^(/3(t)) = i^( / 9(l)) = ^(M) J i G [0,1]. 
Since a(fi{t)) = {1}, by Definition 2.2 and Lemma 2.1 
M = 0(1) « 0(0) 
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/ 7 



A 







7 r _ A 







/ 7 A 2Ai 2Ai 
7 A 



2Ai 2Ai 



h 

2/a /a 



2Ai 
\ 




2A 2 



Ir-X 




o 1 









27 A 7 A 




^ 2/ A 2Ai I\ J 



( 



h 2Ai 2Ai 
7 A 



7 



A 







♦ 05 



2/ A 
y 27 A 2Ai 7 A J 

We define continuous symplectic matrix path 

/ 



j=X+l 





2a 3 \ 




(; 












(3.74) 



2Ai 

7a 



*€ [0,1]. 



7 A 2(l-t 2 )A! 
(l+t)7 A 

2(1 - t 2 )7 A 
y 2(1 - i)7 A 2(1 - t)K x t^7 a J 

Since Ai is invertible, we have v(ip(t)) = A for t G [0, 1]. So by a(ip(t)) n U = {1} for £ E [0,t] and 
Definition 2.2 we have 

/ r, A « 9 A, n \ 



7 A Ax 2Ai 

7 A 

27 A 7 A 

y 27 A 2Ai 7 A y 



^(0) « V(l) 





2Ai 1 




: 




H 










0i=i 



1 2a-; 



1 



o7>(2) 



oA 



(3.75) 



Then by ([3T7I]) . ([5775]) and Remark 2.1 we have 

I o7)(2) oA o 





r i aj y 






) 




l 1 J 






(3.76) 
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So by (|3.70p . (|3.72p and Remark 2.1, we have 

(\ o(p+q~) I \ o(r-p+q+) 

1 1 I | 1 _1 | olf oD(2) oX . (3.77) 

1 ) { 1 ) 

By Lemma 3.2, (|3.63p and (|3.71j) . we have 

N k R~ 1 N k R » M. (3.78) 
Then f|3.59j) holds from (|3.77p and (|3.78p . The proof of Lemma 3.8 is complete. | 

4 The mixed (Lq, Li)-concavity 

Definition 4.1. The mixed {Lq,L\)- concavity and mixed (L%, Lq)- concavity of a symplectic path 
7 G V T (2n) are defined respectively by 

M(Z ,£i)(7) = *Lo(7) - fii(7). M(Li,L )(7) = *Li(7) ~ ^(t)- 

By by Proposition C of [23], Proposition 6.1 of [19] and Theorem 3.1, we have the following 
result. 

Proposition 4.1. There hold 

M(L ,i 1 )(7) + M(L 1 ,i )(7) = ^(7 2 ) - K7 2 ) - n, (4.1) 
/*(Lo,£i)(7)-/*(Li,Lo)(7) = co7icau* ioiii) (7) = -sgnM £ ( 7 (r)), < -e < 1. (4.2) 

Theorem 1.3 in section 1 is a special case of the following result. 
Theorem 4.1. For 7 G 7> T (2ra), let P = 7 (r). If i Lo (l) > 0, ^(7) > 0, 1(7) > n, 7 2 (i) = 
7(i — t)7(t) /or Q.ZZ i G [r, 2r], i/ien 

M(i ,ii)(7) + 5+ 2 (l)>0, (4.3) 
/x (il)io) (7) + 5j a (l)>0. (4.4) 

Proof. The proofs of (|4.3p and (|4.4p are almost the same. We only prove (|4.4p which yields 
Theorem 1.3. 

Claim 4.1. Under the conditions of Theorem 4.1, if 

P 2 « I 1 1 I ofl(2)*oP, (4.5) 



1 



31 



then 

i( 7 2 ) + 2S+ 2 (l)-^( 7 2 ) > n + Pl +p 2 . (4.6) 
Proof of Claim 4.1. By Theorem 7.8 of [20] we have 

(\ <><?2 / v Oq 3 / \ OIJ5 / \ 0<?6 

oi) ° o ~i j o( " /2r4<> 

oi?(0i) o ■ ■ ■ o R(9 qT ) o • • • o R{0 q7+qs ) o iV 2 (u;i, &i) o ■ ■ ■ o N 2 (uj q9 ,b q9 ) 

oD(2) oqi ° oD(-2) oqi1 , (4.7) 

where > for 1 < i < 11 with + q 2 + • • • + qs + 2(/9 + qio + gn = n, 9j G (0, 7r) for 1 < j < 57, 
9j G (7r, 27r) for g7 + 1 < j < qj + ojj G (U \ R) for 1 < j < qg and bj = I satisfying 







°Q5 






^-1 1 > 










1 H 






L -1 ) 




1 -1 J 



6^3 b j4: 



bj 2 7^ b i3 for 1 < j < g 9 - 

By (|4.7p and Remark 2.1 we have 

^(93+95) 



















C 




1 H 










1° 1 J 



P 2 » I* (,?1+94) o| o22(25i)o- • -oR(2e q7 )o 

I 01 / v° 1 / 

o • • • o R(26 qr+qs ) Ar 2 (wi, fei) 2 o • • • o iV 2 K 9 , b Q9 ) 2 D(2)^io+5n). ( 4 . 8 ) 
By Theorem 7.8 of [20] and ([45]) and ([48]) we have 

92 + 96 > Pi, 9io + 9n>P2- (4.9) 

Since 7 2 (i) = "f(t — t)j(t) for all t G [r, 2r] we have 7 2 is also the twice iteration of 7 in the 
periodic boundary value case, so by the Bott-type formula (cf. Theorem 9.2.1 of [21]), the proof of 
Lemma 4.1 of [23], and Lemma 2.2 we have 

i( 7 2 ) + 2S+ (1)-K7 2 ) 
= 2,( 7 ) + 25+(l)+ £ (S+(e^) 

6>G(0,7r) 

"( E (5p(eV /rTe ) + (z,(P)-5+(l)) + (z,_ 1 (P)-5p(-l))) 

0e(O,7r) 

= 2i( 7 ) + 2(qi + g 2 ) + (98 - 97) - (91 + 93 + 94 + 9s) 

> 2n + qi + 2g 2 + (98 - 97) - (93 + 94 + 9s) 
= n + (2gi + 3q 2 + 96 + 2g 8 + 2<? 9 + 9io + 9n) 

> n + 2q 2 + 96 + 910 + 9n 

> n + Pl +p 2 , (4.10) 
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where in the first equality we have used Sp 2 (l) = Sp(l) + Sp(—1) and y(^ 2 ) = 1/(7) + ^-1(7), in 
the first inequality we have used the condition 1(7) > n, in the third equality we have used that 
Qi + 12 + • • • + Q8 + 2^9 + qiQ + = n, in the last inequality we have used (|4.9p . By (|4,10p Claim 
4.1 holds. ■ 
Now we continue to prove Theorem 4.1. We set „4 = /^(Li,l )(7) + ^2(1) (7) and B = 

M(io,£i)(7) + ^ 2 (1)- 

By by Proposition C of [23] and Proposition 6.1 of [19] we have 



*io(7) + *Li(7) =^(7 2 ) -n, ^0(7) + ^1(7) = ^(7 2 )- (4.11) 
From (14.111) or (14.11) we have 

.4 + = i( 7 2 ) + 25+ 2 (1) - z,( 7 2 ) - n. (4.12) 

Case 1. ^(7) = 0. 
In this case we have 

»ii(7) + S^(1)- ^o(7) > + 0- = 0. 

Then flH]) holds. 
Case 2. ^l (7) = n - 

/a o\ 

In this case P = I , so A is invertible and we have 

\c d) 

m\A T C) = u Ll (P) = u Ll { 1 ). (4.13) 

By Lemma 3.1 we have 
NP- 1 NP=( In ° ) «4 m °^o ^(1,1)^-^0 N 1 {l,-l)* m+ ( ATc ). (4.14) 

\ 2A T C I n ) 

By Claim 4.1, HHU) and (j4TT2|) we have 

4 + ,6 > m-(A T C). (4.15) 
By Theorem 3.1, Lemma 3.3 and (|4.13p we have 

B - A < n - (m + (A T C + v Ll (P)) = n- (m + (A T C) + m°(A T C)). 

So we have 

A-B>m + (A T C) + m°(A T C)-n. (4.16) 
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P :-- 



A B 
C D 



I, 




Then by P~T5j) and (|4TT6j) we have 

2A > m~{A T C) + {m + {A T C) + m°(A T C)) - n = 

which yields A > and (jO|) holds. 
Case 3. 1 < u Lo ( 7 ) = v Lo (P)<n-l. 

In this case by (i) of Lemma 3.8 we have 

( A 1 B 1 
D x 
A 3 B 3 A 2 
\ C 3 D s C 2 

where A%, A 2 , A3 are r x r matrices, Z?i, D 2 ,D 3 are (n — r) x (n — r) matrices, Bi,B$ are rx(n-r) 
matrices, and C2, C3 are (n — r) x r matrices. We divide Case 3 into the following 3 subcases. 
Subcase 1. A3 = 0. 

In this subcase let A = rank£?3. Then < A < min{r, n — r}, A\ is invertible, A\A 2 = I r and 
D\D 2 = Ik-r, so we have A is invertible, furthermore there holds m°(A T C) = dimkerC = vl^P). 
Suppose m + (Ai) = p, m~(A\) = r — p, then by (iv) of Lemma 3.8 we have 

o(r-p+cj + ) 

olf oD(2) oX , 







D 2 j 







op+g 

















1 H 










1 1 j 



NkR^NkR 

m + (A T C) = \ + q + , 
m°(A T C) = r - X + q°, 
m~(A T C) = X + q~, 

where q* > for * = +,—, and q + + q° + q~~ = n — r — A. 
Then by ()4.17j) and Claim 4.1 we have 

i( 7 2 ) + 25+ 2 (l) - ^( 7 2 ) >n + p + q~ +\>n + q~ + \. 

By P~2T|) and P~T2|) we have 

A + B > q~ + A. 
By Theorem 3.1 and Lemma 3.3, and (|4,18p - (|4.20p we have 

B-A 

< n-m + {A T C) -m°(A T C) 
= n- (q + + X + r - X + q°) 
= n- (r + q + + q°). 



(4.17) 

(4.18) 
(4.19) 
(4.20) 



(4.21) 



(4.22) 
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So we have 

A - B > (r + q + + q°) - n. (4.23) 

Since q + + q° + q~ = n - r - A, by (ET22D . (j4T23l) we have 

2A > q~ + \ + {r + q + + q°) - n 
= (q~ +q + + q )) - (n - r - X) 
= 

which yields (f4~4"|) . 
Subcase 2. ^3 is invertible. 

In this case by (ii) of Lemma 3.8 we have 

( A x I r \ ( D x \ 
P~ o I \ :=P x oP 2 , (4.24) 

\A 3 A 2 J \D 3 D 2 J 
where D3 is a (k — r) x (/c — r) matrix. Then by (|4.24p and Lemma 3.2 we have 

P 2 « {NrP^NrPx) O (Nn-rP^Nn-rPi). (4.25) 

Let e(N r P^ 1 N r Pi) = 2 m, by Lemma 3.7 we have < m < r and 

-sgnM £ (Px) <r-m, < -e < 1. (4.26) 
Also by (|4.25j) and (Oj) . there exists P\ G Sp(2m) such that 

NrP^NrPx m D(2)^ r - m ^ o A- (4.27) 

By Lemma 3.1 we have 



N n ^ r P^N n - r P 2 



In—r 

2L>fD 3 J n _ 



0m~(Df5 3 ) / v om+(DfD 3 ) 

J J ) oC° (D ^ 3) o 1 _1 ] • (4-28) 

So by Claim 4.1 and l[07j> . (1335]) . (1335]) and (14321) we have 

.4 + S > rrT (DjD 3 ) +r-m. (4.29) 
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By Theorem 3.1 and Lemma 3.3 together with Lemma 3.7, for < — e < 1 we have 

B-A = isgnM^PO + ^sgnM £ (P 2 ) 

< r-m+(n-r)-m + (D{D 3 )-m°(DjD 3 ) 
= n- (m + m°(D'[D 3 ) +m°(DjD 3 )). 

We remind that we have used the fact m°(Dj D 3 ) = kei(D 3 ) = VLiiP^)- So we have 

A - B > (m + m + {DjD 3 ) + m°(DjD 3 )) - n. 

Note that 

m + (DfD 3 ) + m°(DfD 3 ) + m~(DfD 3 ) = n - r. 
Then by (j09|) . (|OD|l and we have 

2^4 > m^(DlD 3 )+r-m+(m + m + (DlD 3 )+m°(D'[D 3 ))-n 



m + (DjD 3 ) + m u (D'i'D 3 ) + m-(D( D 3 ) - (n 



,0/ nT 



-/nT; 







which yields (|4.4D . 

Subcase 3. 1 < rank^ = I < r — 1. 

In this case by (iii) of Lemma 3.8 we have 

1 A x B x I r _ t 

U h N 
A V 



P 



P30P1, 



(4.30) 



(4.31) 



(4.32) 



B x 
P 3 ^2 
\ C 3 D 3 C 2 D 2 J 

where A\,A 2 are (1 — l)x(r— I) matrices, B\,B 3 are (r—l)x(n—r) matrices, C 2 ,C 3 are (n-r)x(r-l) 
matrices, D±, D 2 , D 3 are (n — r) x (n — r) matrices, U, V, A are I x I matrices, and A is invertible. 



Let A = rankf?3 and denote P4 



A B 



where A, B, C, D are (n — /)-order real matrices. 



C D 

Assume m + (Ai) = p, m~(Ai) = r — I — p, then by (iv) of Lemma 3.8 we have 

0(1 — l— p+q + ) 



N k P^N k P 4 

m + {A T C) = X + q + , 
m°{A T C) = r-l- X + q°, 
m~(A T C) =X + q~, 







o{p+q ) 

















1 H 










1 1 J 



of 2 q oL>(2) oA , (4.33) 

(4.34) 
(4.35) 
(4.36) 
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where q* > for * = +, — , and q + + q° + q = n — r — A. 
Let e{NiP^ 1 NiP 2) ) = 2m, by Lemma 3.7 we have < m < I 

-sgnM £ (P 3 ) <l-m, < -e < 1. (4.37) 

By similar argumet as in the proof of Subcase 2, there exists P3 € Sp(2m) such that 

NrP^NrPa fa D(2)< l ~ m) o P 3 . (4.38) 

So by Claim 4.1, (|432jl . (|433jl . (|438jl . and @H2) we have 

-4 + £>g~ + /-m + A. (4.39) 

By Theorem 3.1, Lemma 3.3, (Oil) . (14351) and (|Q7]> . for < -e <C 1 we have 

= ^sgnM £ (P 3 ) + isgnM £ (P 4 ) 

< -sgnM £ (P 3 ) + (n - - m+(i T C) - m°(i T C) 

< /-m + (n-/)-(A + g + )-(r-/-A + g°) 
= n + (/ - m) - (g + + q° + r). 

So we have 

A- B> {q + + q° + r) -n- (I -m). (4.40) 

Since q + + q° + q~ = n - r - A, by (|4.39p and (|4.40p we have 

2*4 > q~~+l — m + \ + (q + + q° + r) — n — (I — m) 
= (q + + q° + q~)-(n-r-\) 



which yields ()4.4p . Hence (|4.4p holds in Cases 1-3 and the proof of Theorem 4.1 is complete. | 
Remark 4.1. Both the estimates (|4.3p and (|4.4p in Theorem 4.1 are optimal . In fact, we can 
construct a symplectic path satisfying the conditions of Theorem 4.1 such that the equalities in 
(USD and flH]) hold. Let r = vr and j(t) = R(t) 0n , t £ [0,vr]. It is easy to see that ^(7) = 
Yl v L (j(t)) = and also i Ll {l) = ^ v Li{l{t)) = 0, v Lo (j) = v Ll (i) = n, j 2 (t) = j(t - 

0<t<TT 0<t<7T 

7r)7(-7r) for t € [it, 2tt], 2(7) = n and P = 7(vr) = —l2n hence by Lemma 2.2 Sp 2 (l) = Sf 2 (1) = n. 
So we have 

M(£o,la)(T0 + -Spa(l) = M(£i,L )(7) + 5"+ 2 (1) = - n + n = 0. 
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5 Proofs of Theorems 1.1 and 1.2 



In this section we prove Theorems 1.1-1.2. 



For £ G H^' c (2n), let js : £ — > [0, +oo) be the gauge function of £ defined by 



j'e(0)=0, and j E (x)=inf{A>0| -eC}, \/x G R 2n \ {0}, 



where C is the domain enclosed by £. 
Define 



#a(z) = (Mx)) a , a > 1, H^{x) = H 2 (x), \fx G R 2 ™. (5.1 



Then # E G C 2 (R 2n \{0}, R) n C 1 ' 1 (R 2n , R). 

We consider the following fixed energy problem 



x(t) = JH^(x(t)), (5.2) 

Hji(x(t)) = 1, (5.3) 

x(-t) = Nx(t), (5.4) 

x(r + t) = x(t), Vt G R. (5.5) 



Denote by J7f,(£,2) (J7;,(£,a) for a = 2 in (|5.ip ) the set of all solutions (r, x) of problem (|5.2D - 
(|5.5p and by ^(£,2) the set of all geometrically distinct solutions of ()5.2j) - ()5.5j) . By Remark 1.2 
of [19] or discussion in [23], elements in l 7b(£) and ^(£,2) are one to one correspondent. So we 
have #J b (Z)=#j b (E,2). 

For readers' convenience in the following we list some known results which will be used in the 
proof of Theorem 1.1. 

In the following of this paper, we write (iL ('J,k),i>L (j,k)) = (ii (7 ), ^L {l )) for any sym- 
plectic path 7 G V T (2n) and k G N, where j k is defined by Definition 2.5. We have 
Lemma 5.1. (Theorem 1.5 and of |19j and Theorem 4.3 of [25] ) Let jj G V Ti (2n) for j = 1, • • • , q. 
Let Mj = t?(2tj) = N-f^r^N-f^Tj), for j = !,■■■ ,q. Suppose 



iLoilj) > 0, j = l 



Then there exist infinitely many (R,mi,m2, • • • ,m q ) G N 9+1 such that 
(i) VL (jj,2mj ± 1) = u Lo (-fj), 

(™) iLoilj^rrij - 1) + VL {lj,1rnj -l) = R- {i Ll {lj) + n + S M 3 ( l ) ~ u L {lj)), 
(Hi) i Lvi (~ij,2mj + 1) = # + ^ (7j)- 
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and (iv) 1/(7?, 2m,j ± 1) = KtJ); 

(vj i( 7 |, 2m, - 1) + 1/(7* 2m, - 1) = 2R - (i( 7 J) + 25+ . (1) - 

(vi)i(r%,2m j + l) = 2R + i( r %), 
where we have set i{^,nj) = i^df 1 '), 1/(7?, n^) = ^(Tj"^) / or n j G N. 

For any (r, x) G J7&(X,2), there is a symplectic path 7^ G V T (2n) corresponding to it. For 
m G N, we denote by ii,. (x, m) = ii j (7™) and vi,. (x, m) = i/£ Jj (7™) for j = 0, 1. Also we denote by 
i(x,m) = i(jx m ) and u(x,m) = ^(7^™)- We remind that the symplectic path 7™ is defined in the 
interval [0, ^] and the symplectic path 7^ m is defined in the interval [0, mr]. If m = 1, we denote 
by i(x) = i(x, 1) and z/(x) = u(x, 1). By Lemma 6.3 of [19] we have 

Lemma 5.2. Suppose ^^(S) < +00. T/ien i/iere exisi an integer K > and an injection map 
<f> : N + if H- J" 6 (S, 2) x N snc/i t/iai 

(%) For any k G N + if, [(r, a;)] G ^(£,2) and m G N satisfying <j>{k) = ([(r , x)],m), i/iere 

iL (x,m) < k - 1 < iL (x,m) + VL (x,m) - 1, 

where x has minimal period r. 

(?i) For any fcj G N + if, fci < &2 ; (, T j> x j) G i7b(£,2) satisfying 4>{kj) = ([(r, , Xj)],m_ 7 ) rata 
j = 1,2 and [(n , xi)] = [(T2 ,£2)], 2/iere ZioZds 

mi < m-2. 

Lemma 5.3. (Lemma 7.2 of [19]) Lei 7 G V T (2n) be extended to [0, +00) &y 7(t + i) = 7(2)7(7") 
/or a// f > 0. Suppose 7(7-) = M = P~ l (h ° M)P with M G Sp(2n - 2) and 1(7) > n. T/ien we 
aaue 

i( 7) 2)+25+ 2 (l)- 1/(7,2) >n + 2. 

Lemma 5.4 (Lemma 7.3 of [19] ) For any (r, x) G ^(S, 2) and m G N, we aai>e 

i Lo (x,m + 1) - i Lo (x,m) > 1, 
i Lo (x,m + 1) + v Lo (x,m + 1) - 1 > i Lo (x,m + 1) > i Lo (x,m) + u Lo (x,m) - 1. 
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Proof of Theorem 1.1. It is suffices to consider the case ^^(X) < +00. Since — £ = E, for 
(t, x) G Jb{Y,,2) we have 

Hx(x) = Hx(-x), 
H'^x) = -H'x(-x), 

H^x) = H'i(-x). (5.6) 
So (r, —a;) G J7&(£,2). By (|5.6|) and the definition of j x we have that 

Jx = J-x- 

So we have 

(i Lo (x,m),UL (x,m)) = (i Lo (-x,m),v Lo (-x,m)), 

(i Ll (x,m),v Ll (x,m)) = (i Ll (-x,m),i/L 1 (-x,m)), Vm G N. (5.7) 

So we can write 

J b (E, 2) = {[(Tj^XjW = 1, • • • ,p} U {[(7*, a*)], [(?*, -a*)P = p + 1, ■ ■ ■ ,P + ?}■ (5-8) 

with Xj(R) = — Xj(R) for j = 1, • • • ,p and Xfc(R) / — ^^(R) for A; = p + 1, • • • ,p + g. Here we 
remind that (jj, Xj) has minimal period Tj for j = 1, • • • ,p + q and Xj(-k +t) = —Xj(t), t G R for 

By Lemma 5.2 we have an integer K > and an injection map (j) : N + K — > ,^(£,2) x N. 
By (|5.7p . (r k ,x k ) and (r k ,— x^) have the same (zl , ^L )-indices. So by Lemma 5.2, without loss of 
generality, we can further require that 

lm(0) C {[(T k ,x k )]\k = l,2,---,p + q}xN. (5.9) 

By the strict convexity of Hy, and (6.19) of |19j). we have 

ho(x k )>0, k = 1,2,- •• ,p + q. 

Applying Lemma 5.1 to the following associated symplectic paths 

71) - - - > 7p+<?> 7p+<?+l> ■ ■ ■ j 7p+2g 

of (Ti ■>X\)i 1 {Tp+q, Xp+q 

'"' (2 r p+g; x 1+ q ) respectively, there exists a vector 
(R, m\, ■ ■ ■ , m p+ 2q) G N p+2g+1 such that R > K + n and 

i Lo (x k ,2m k + 1) = i? + i Lo (x fc ), (5.10) 
i Lo (x k ,2m k - 1) + u Lo (x k ,2m k - 1) 
= ^-(^(Xfc) + n + S+ k (l)-i/ io (**)), (5.11) 
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for k = 1, ■ ■ ■ ,p + q, M k = J k (T k ), and 

i Lo {x k ,A.m k + 2) = R + i La (x k ,2), (5.12) 
i Lo (x k , Am k - 2) + u Lo (x k , 4m k - 2) 
= R-(i Ll (x k ,2)+n + S+ (l)- VLo (x k ,2)), (5.13) 



k 

for k = p + q + 1, • • • ,p + 2q and M k = ^{2r k ) = -f 2 k (r k ) 2 . 
By Lemma 5.1, we also have 

i(x k ,2m k + l) = 2R + i(x k ), (5.14) 
i(x k ,2m k - 1) + u(x k ,2m k - 1) = 2R - (i(x k ) + 2S^ fc (l) - v(x k )), (5.15) 

for k = 1, ■ ■ ■ ,p + g, M k = 7fc( T fc)> and 

i(x fc ,4m fc + 2) = 2R + i(x k ,2), (5.16) 
i(x fc ,4ro fc -2)+i/(x fc ,4m fc -2) = 2R - (i(x k , 2) + 2S+ fc (l) - v(x k , 2)), (5.17) 

for k = p + q + 1, • • • ,p + 2q and M k = 7fc(2r fc ) = 7 2 k (T k ) 2 . 
From (|5.9p . we can set 

0(i?- (s- 1)) = ([(r fc(s) ,x fc(s) )],m(s)), Vs G 5 := {1,2,- •• ,n}, 

where A;(s) G {1, 2, - • • ,p + q} and m(s) G N. 

We continue our proof to study the symmetric and asymmetric orbits separately. Let 

Si = {s G S\k(s) < p}, S 2 = S\Si. 

We shall prove that < p and *S2 < 2q, together with the definitions of Si and S2, these yield 
Theorem 1.1. 
Claim 5.1. # S X < p. 

Proof of Claim 5.1. By the definition of Si, ([(T k ^ s ),x k ^)],m(s)) is symmetric when k(s) < p. We 
further prove that m(s) = 2m k ^ for s G Si. 

In fact, by the definition of <fi and Lemma 5.2, for all s = 1, 2, • • • , n we have 

iL {x k ( s ),m(s)) < (R- (s - 1)) - 1 = R- s 

< iL {x k ( s ),m(s)) +v Lo {x k{s) , m{s)) - 1. (5.18) 

By the strict convexity of H^, and Lemma 2.3, we have iL Q {x k ( s )) > 0, so there holds 

iL (x k { s ), m{s)) <R-s<R< R + i Lo (x k{s )) = i Lo (x k{s) ,2m k{s) + 1), (5.19) 
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for every s = 1,2, ■ ■ ■ ,n, where we have used (|5.10p in the last equality. Note that the proofs of 
(|5.18p and (|5.19|) do not depend on the condition s G Si. 

It is easy to see that j Xk satisfies conditions of Theorem 4.1 with r = ^ . Note that by definition 
ihAxk) = iL v {lx k ) and i^L ( x k) = VL {lx k )- So by Theorem 4.1 we have 

i Ll {xk) + S+ k (l) - u Lo (x k ) >0, Vk = !,-■■, p. (5.20) 

Hence by (j5TT8|) and (j5T20|) . if k(s) < p we have 

iL (x k ^ s ),2m k{s) - 1) + v Lo {x k{s) ,2m k{s) - 1) - 1 

= R - (i Ll (x k{s) ) + n + S+ k ^ (1) - v Lo (x k{s) )) - 1 

„ 1 — n 

< R 1 -n 

< R-s 

< iL (x k{s) ,m(s)) + v Lo (x Hs) ,m(s)) - 1. (5.21) 
Thus by (15. 19ft and (|5.2ip and Lemma 5.4 we have 

2m k(s) - 1 < rn{s) < 2m k{s) + 1. 

Hence 

m{s) = 2m k{s) . 

So we have 

4>(R- s + 1) = ([(r fc ( s ),ifc( s ))],2m fc(s )), Vs G Si. 

Then by the injectivity of <f>, it induces another injection map 

4>i : Si -)■ {1, • • • ,p}, s ' y k(s). 

There for &Si < p. Claim 5.1 is proved. 
Claim 5.2. #S 2 < 2q. 

Proof of Claim 5.2. By the formulas (l5TT4l) - (l5T7]l . and (59) of [H] (also Claim 4 on p. 352 of [21]), 
we have 

m k = 2m k+q for k =p + l,p + 2, ■ ■ ■ ,p + q. (5.22) 

By Theorem 4.1 we have 

i Ll (xfc,2) + 5^(l)-i/ io (a: fc ,2)>0, p+l<k<p + q. (5.23) 
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By ipngjl . ([HUD, (15T22D and (15331 . for p + 1 < /c(s) <p + gwe have 

iL (xk(s),2mk(s) - 2 ) + VLo(xk(s)i 2 mk(s) - 2) - 1 

= (^(s) > 4 ™fc(s)+g - 2 ) + ^Lo ( x k(s) , ^™k(s)+q - 2) - 1 

= R~ (*ii(a;jfc( s ),2) + n + - u Lo (x k ^, 2)) - 1 

= i? - (i Ll Ofc,2) + S^ fc (l) - v Lo {x k , 2)) - 1 - n 

< i2- 1 - n 

< i2- s 

< iiofajt^mfa)) + u L (x k ( s) ,m(s)) - 1. (5.24) 
Thus by (|5.19|) . (|5.24p and Lemma 5.4, we have 

2m fc(s) - 2 < m(s) < 2m fc(s) + 1, p < k(s) < p + q. 

So 

m(s) G {2m fe(s ) - 1, 2m fc(s )}, for p < fc(s) < p + q.} 
Especially this yields that for any so and s £ S2, if k(s) = k(so), then 

m(s) E {2m k{s) - l,2m k(s) ] = {2m fc(so) - l,2m k ^}. 
Thus by the injectivity of the map <f> from Lemma 5.2, we have 

*{s e S 2 \k(s) = k(s )} < 2 

which yields Claim 5.2. 

By Claim 5.1 and Claim 5.2, we have 

# =* J b (E, 2) = p + 2q ># 5i + # 5 2 = n. 

The proof of Theorem 1.1 is complete. I 
Proof of Theorem 1.2. We call a closed characteristic x on E a efaxal frrafce orbit on E if 
sc(— t) = —Nx(t). Then by the similar proof of Lemma 3.1 of [33]> a closed characteristic x on E 
can became a dual brake orbit after suitable time translation if and only if x(R) = —Nx(R). So by 
Lemma 3.1 of [33] again, if a closed characteristic x on E can both became brake orbits and dual 
brake orbits after suitable translation, then x(R) = Nx(R) = — Nx(R), Thus x(R) = — x(R). 
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Since we also have — NT, = E, (-N) 2 = l2 n and (-N)J = — J(—N), dually by the same proof 
of Theorem 1.1 (with the estimate (|4.3|) in Theorem 4.1), there are at least n geometrically distinct 
dual brake orbits on T. 

If there are exactly n closed characteristics on T. By Theorem 1.1 all of them must be brake 
orbits on T after suitable time translation. By the same argument all the n closed characteristics 
must be dual brake orbits on T. Then by the argument in the first paragraph of the proof of this 
theorem, all these n closed characteristics on T must be symmetric. Hence all of them must be 
symmetric brake orbits after suitable time translation. The proof of Theorem 1.2 is complete. | 
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